Abstract: The evolution of a vector vortex optical field (VVOF) with a spiral phase and azimuthally-variant polarization distributions in the field cross-section in a strongly nonlocal nonlinear (SNN) medium is demonstrated. The dynamics of interplay between the singular points of polarization and vortex during propagation in the SNN medium leads to novel phenomena. When the topological charge number of the polarization is equal to that of the vortex, the singular point in the beam center is annihilated and the energy can accumulate in the beam center due to the self-focus effect. Furthermore, the linear-circular polarization conversion occurs and can be controllable in the beam center or the periphery of VVOF depending on the different topological charge numbers of the vortex and polarization, due to the coherent superposition of the different polarization components during propagation in an SNN medium. The VVOF rotates along the propagation axis in an SNN medium because of the existence of the vortex, and the optical field as well as the distribution of polarization in the field cross-section always evolves reciprocally with cycles of stretch and shrink in an SNN medium. The numerical results confirm the analytical predictions by the moment method for the vector dynamics of the VVOF during propagation in an SNN medium. The underlying physics for the linear-circular polarization conversion in a VVOF during propagation in an SNN medium are discussed in detail.
Introduction
In the past decades, the nonlocal nonlinear medium has been extensively studied due to its unique propagation properties and potential applications [1] - [3] . The refractive index at a certain point of a nonlocal nonlinear material is associated with the optical intensity at all other positions of the material. The medium is called a strongly nonlocal nonlinear (SNN) medium [3] when the beam waist is much less than the typical length of a material response function. Many novel phenomena in a SNN medium have been demonstrated, such as the out-phase solitons attraction [4] , [5] , the suppression of collapse [6] , vortex soliton [7] , multi-pole solitons [8] , rotating breathers [9] , azimuthons [10] , ellipticons [11] , and self-induced fractional Fourier transform [12] . Nevertheless, these works are mostly focused on a scalar beam in a nonlocal nonlinear medium, and the beams always evolve periodically in a SNN medium.
Different from a scalar beam with a sole polarization, the vector beams with spatially-variant state of polarization (SoP) in the beam cross-section have attracted a lot of interest because of their novel properties and potential applications in many branches of physics [13] - [17] , such as optical tweezing, flattop generation, and focus engineering. In particular, manipulation of SoP in a vector beam has received great attention because of the fundamental physics interest and their potential applications. Recently, we demonstrated the linear-circular polarization conversion in a structured vector vortex beam with both the vortex and the spatially-variant SoP in the beam cross-section in free space [18] - [20] . Nonetheless, the propagation dynamics of a vector vortex beam in a SNN medium are still in its infancy. The interaction between vortex and polarization singularities in a SNN medium may lead to novel phenomena and provide better insights into the intriguing properties and potential applications of the vector beams. The evolution properties of a vector vortex optical field (VVOF) with a vortex and the azimuthally-variant SoP in a SNN medium are investigated in this work.
The evolution of the root-mean-square beam width (RMS-BW) in a SNN medium is analytically obtained using the moment method with the coupled nonlocal nonlinear Schrödinger equations (NNLSE) [21] - [23] . The critical power required to maintain the RMS-BW of VVOF invariant in a SNN medium, is analytically derived. The RMS-BW of VVOF increases initially if the initial power is less than the critical power, whereas the RMS-BW of VVOF decreases initially when the initial power is beyond the critical power. The evolutions of the SoP and the profiles of the VVOF are numerically studied in detail. It is found that the optical singular point in the center of the VVOF is annihilated and the energy can be accumulated in the beam center because of the self-focus effect when the polarization topological charge number is equal to that of the vortex. In particular, the linear-circular polarization conversion can occur in the different positions in the cross-section of VVOF during propagation in a SNN medium, depending on the topological charge numbers of polarization and vortex.
The Moment Method Analysis
Considering two orthogonal polarization components, the propagation dynamics of VVOF in a nonlocal nonlinear medium is described by the coupled NNLSE [7] with propagation direction along z:
where k = 2π/λ is the linear wave number, the two-dimensional transverse Laplacian operator is ∇ 2 , here x, y are the transverse coordinates. E − and E + denote the left-and right-hand circular polarizations. E ± = (E x ± i E y )/ √ 2 with E x , E y are the x and y linearly-polarized components, respectively. n 0 , n 2 denote the linear refraction index and the nonlinear index coefficient of the medium, respectively. R (| − → r − − → r a |) is the normalized response function of material [24] , and r and − → r a are the coordinate vectors. When the characteristic length of R (| − → r − − → r a |) is much larger than the light beam size, the coupled NNLSE can be further deduced to the Snyder and Mitchell linear model [3] for the SNN medium
An initial VVOF can be described as [18] E (x, y, z = 0) = A 0 r n exp (−r 2 /w 2 0 )e i nϕ cos (mϕ + ϕ 0 )e x + sin (mϕ + ϕ 0 ) exp (i θ)e y (4) where A 0 is a constant parameter and w 0 is initial beam width. r and ϕ represent the polar radius and azimuthal angle for the point (x, y), respectively. m is the topological charge number associated with polarization, n is the vortex topological charge number, respectively. (4) that is required to remain the beam width invariant in a SNN medium can be analytically obtained as:
Here n = 0 has been assumed for the integral in Eq. (3) to obtain the critical power. However, if n = 0, the critical power of the non-vortex vector beam with azimuthally-variant SoP can be obtained from Eqs. (3) and (4):
The critical power increases with the increasing topological charge number of polarization m, as seen from Eqs. (5) and (6) . The moment method has been extensively used to analytically study the dynamics information for an optical wave propagation in different nonlinear media [22] - [26] . The four integral quantities are defined as following [21] , [22] :
The four integral quantities in the Eq. (7) satisfy the coupled ordinary differential equations as [21] , [22] :
There is an important invariant during the beam evolution:
, and the evolution of the quantity M 2 can be described as [21] 
where P 0 = M 1 denoting the initial power. The general solution of Eq. (8) can be obtained [22] , [23] for the VVOF (Eq. (4)):
where z p = (γ 2 P 0 ) −1/2 . The RMS-BW can be defined as W = (M 2 /M 1 ) 1/2 , and Eq. (9) can be rewritten in the RMS-BW sense
The evolutions of the RMS-BW of the VVOF with different initial powers during propagation in a SNN medium are shown in Fig. 1 . When the initial power is equal to the critical power P i n = P cr , the RMS-BW keep invariant as shown in Fig. 1 . It indicates that there is a total balance between the selffocusing and the diffraction effects on the VVOF during propagation in a SNN medium. However, the RMS-BW oscillates periodically with propagation distance when P i n = P cr . If P i n < P cr , the RMS-BW increases initially because the self-focusing effect is less than the diffraction effect. With the optical field further expanding, the self-focusing effect gradually dominates the diffraction effect, leading to the RMS-BW decreases. When P i n > P cr , the RMS-BW evolves in cycles of decreases initially and then increases during propagation. It is because that self-focusing effect initially dominates the diffraction effect when P i n > P cr . With the VVOF further shrinking, the diffraction effect gradually exceeds the self-focusing effect, leading to the RMS-BW increases. It should be noted that the oscillating amplitude of the RMS beam width increases with the increasing topological charge number n, to see Fig. 1 . This phenomenon is attributed to that the diffraction effect of the optical field increases with increasing topological charge number [18] .
The Evolution of SoP in a SNN Medium
Numerical results are obtained by the split-step finite-difference method [25] with λ = 0.53 μm and w 0 = 10 μm to further examine the evolution of the VVOF in a SNN medium. Here the well-known Stokes parameters [27] are adopted to illustrate the evolution of the SoP in a SNN medium:
, here S0 represents the total beam intensity, positive and negative S1 represent horizontal and vertical linear polarization components, positive and negative S2 denote 45
• and 135
• linear polarization components respectively, whereas the opposite circular polarization components are denoted by the positive and negative S3 values. The evolutions of the Stokes parameters of VVOF for different initial powers during propagation are shown in Figs. 2 and 3. Fig. 2 shows the evolution of the Stokes parameters of the VVOF in the longitudinal-section with different initial powers during propagation in a SNN medium. The Stokes parameters always evolve periodically with cycles of stretch and shrink, as expected. The Stokes parameters in the VVOF cross-section for different propagation distances z = 0, πz p /4 and πz p /2 [the positions are indicated by the dashed lines in the first plot in Fig. 2(a) and the third plot in Fig. 2(b) ] are shown in Fig. 3 . Due to the existence of vortex, the VVOF with different SoP distribution rotates during propagation in a SNN medium, to see Figs. 2 and 3. The SoP distribution and the VVOF periodically transform their transverse patterns during propagation 
in a SNN medium. The VVOF initially stretches and then shrinks when the initial power is less than the critical power, on the other hand, the VVOF initially shrinks and then stretches if the initial power exceeds the critical power, and the cycle starts over, as shown in Fig. 2 . It is consistent with the evolution of the RMS-BW as predicted by the moment method above. For P i n = P cr , the moment method predicts the constant RMS-BW during propagation. However, the different polarization components of the VVOF still preform cycles of local stretches and shrinks as shown in Fig. 2 , although there is a total balance between the self-focusing and diffraction effects on the VVOF.
In particular, there is an interesting phenomenon that the central optical singular point vanishes if the polarization topological charge number m is equal to that of the vortex n, as shown in Figs. 2 and 3. It can be explained by the interplay between the central singular points of vortex and polarization. The SoP of the VVOF described by Eq. (4) with θ = 0 can be rewritten as:
here e − and e + denote the left-and right-circular polarization unit vectors, respectively. As seen from Eq. (11), there is always an optical singularity in the beam center when n = ±m. However, if n = ±m the VVOF can be regarded as the coherent superposition of two orthogonally circular polarization components with the vortex and the non-vortex. Thus, the energy can be accumulated at the center of the VVOF since there is a non-vortex circular polarization component, to see Figs Iso-surface I = 0.32 of the normalized x-direction polarization distribution data with P i n = 0.5P cr , n = 1, m = 1 is shown in Fig. 4(a) to intuitively describe the evolution during propagation. It clearly shows the rotation of x-direction polarization component along the propagation axis with the propagation cycle of z/z p = 2π. Fig. 4(b) shows the occurrence and vanishment of the circular polarization component in the VVOF with P i n = 0.5P cr , n = 1, m = 1 during propagation in a SNN medium. The periodical creation and vanishment of the circular polarization component in the beam center as shown in Fig. 4(b) indicate the occurrence of the linear-circular polarization conversion due to the coherent superposition of different polarization components during propagation in a SNN medium. The data have also been normalized to the VVOF initial peak value.
Actually, the evolution of a vector optical field in a SNN medium can be regarded as a linear superposition of the evolutions of two scalar optical fields with orthogonal polarizations as recognized by Eq. (2). The coherent superposition of the evolutions of two scalar optical fields with orthogonal polarization components leads to the novel polarization conversions during the VVOF propagation in a SNN medium.
The Linear-Circular Polarization Conversion Efficiency and the Purity of the Circular Polarization
Since the Stokes parameter S3 denotes the circular polarization components and the initial optical field is locally linear polarization at different positions in the beam cross-section [ θ = 0 in Eq. (4)], therefore the total conversion efficiency can be defined as: δ(z) = ÞÞ|S3(z)dxdy/ÞÞS0(z)dxdy. The conversion efficiency of the VVOF with different initial powers as a function of distances during propagation in a SNN medium is shown in Fig. 5(a) and (b) for (a) n = 1, m = 1; (b) n = 1, m = 2. The linear-circular polarization conversion efficiency of the VVOF in a SNN medium reaches the maximum at the propagation distances z/z p = kπ+π/2 as expected, but the total conversion efficiency can't reach 1 because there are different polarizations located at different positions in the field cross-section, as shown in Fig. 5(a) and (b) . In addition, the ratios of the circular polarization component to the intensity S3/S0 as a function of propagation distances in a SNN medium are calculated to further explore the purity of the circular polarization at some special positions in the field cross-section. The ratios S3/S0 in the origin point for n = m = 1, and the position of the minimum S3 for n = 1 and m = 2 in the field cross-section as a function of propagation distances are shown in Fig. 5(c) and (d) . There are always purely circular polarizations at the origin point in the field cross-section for n = m = 1 in any propagation distances as shown in Fig. 5(c) . However, the position of the minimum S3 in the field cross-section for n = 1 and m = 2 are not purely circular polarization, even if in the propagation distances z/z p = kπ+π/2. It can be explained that there is only one circular polarization component can be focused in the center of VVOF whereas the other circular polarization can't be focused in the center of VVOF because of the existence of the vortex.
In order to indicate further the purity of the circular polarization, the S3 and S0 distributions in the longitudinal-section of the VVOF with different initial powers at propagation distances z/z p = π/4 and π/2 are shown in Fig. 6 . Obvious, there is always circular polarization in the center of the VVOF when n = m, as shown in Fig. 6(a) . However, if n ࣔ m, the purity of the circular polarization at the special position of the maximum S3 is different with different propagation distances. The purity of the circular polarization can exceeds 95% in the propagation distances z/z p = kπ + π/2. The purity of the circular polarization will decrease in the other propagation distances z/z p ࣔ kπ + π/2, since there is linear polarization components located between the orthogonal circular polarization, as shown in Fig. 6(b) .
Here we have studied the evolution of the VVOF with θ = 0 [in Eq. (4)]. If θ ࣔ 0, the polarization states described by Eq. (4) 
Conclusion
The propagation dynamics of the VVOF in a SNN medium is studied by the coupled NNLSE. The RMS-BW and the critical power are derived analytically based on the moment method. The RMS-BW oscillates periodically during the VVOF propagating in a SNN medium. Numerical calculations indicate that the VVOF rotates during propagation in a SNN medium because of the existence of the vortex. The VVOF always evolves reciprocally with cycles of stretch and shrink during propagation in a SNN medium. In particular, the central optical singular point of the VVOF is annihilated when the topological charge number of the polarization is equal to that of the vortex. Furthermore, the dynamics of interplay between the optical singular points of polarization and vortex result in the linear-circular polarization conversion and the intensity occurrence in the beam center if n = ±m during propagation in a SNN medium. The linear-circular polarization conversion also occurs in the periphery of the VVOF if n = ±m. The conversion efficiency and the purity of the circular polarization in the corresponding propagation distances are analyzed quantitatively. The underlying physics for the linear-circular polarization conversion in a SNN medium are analyzed in detail. These novel features of the VVOF in a SNN medium opens the possibility of complex manipulation of the SoP, and can find potential applications in corresponding field.
